We shall use the notation and results of [1] . Part of the object of defining the group structure G(f), where f(x) = x 2 -Px + Q e Z[x] and (P, Q) = 1, is to determine those recurrences among the set of all recurrences with companion polynomial f(x) which are in some sense special. Probably the true sense of special would mean those recurrences which have peculiar arithmetical properties not shared by the remaining ones. 1 For example, the Lucas sequence ^ = [0, 1] of f(x) is such a recurrence and so to all intents and purposes is the sequence g 7 = [2, P] of f(x). Both {J?) and (gf) are of finite order in G(f); here we interpret 'special' as meaning of finite order in <? (/) . There are only a finite number of such elements in G(f); furthermore if (W~) e G(f) and ( Ύ^f = (^) it would seem that the arithmetical properties of "W" are fairly closely related to those of <J\ This is so for (gf) and for the other elements (j^) and (^) of order two in G(f) (when they exist); for example see Theorem 4.6 of [1] and the final paragraph of that paper. Also some properties of recurrences of finite order are readily deducible which, although they may be true for most or even all recurrences, are not so easily proved in full generality (see for example [1] , 3.9.1). Here we determine the structure of the subgroup of elements of finite order. Then we shall show by means of examples that the prime divisors of 174 R. R. LAXTON some elements of finite order (other than ^ and g?) can be characterized globally-thus some elements of finite order are even special in the arithmetical sense. Finally we add a few words concerning elements of the group which are locally finite everywhere.
! _• The elements of finite order in G(f). We shall carry out the computations only when f(x) is irreducible over Q; The results remain valid when f(x) is reducible but involve slightly longer calculations. Let "W e F(f) be given by for some n, g eZ and some m-th root of unity ζ e Q{θ x ). We remark that if ζ, m, n are fixed, the solutions (W) e G(f) obtained from (1.4) are independent of g. Now we do have a solution to (1.4) when n = m and ζ = 1, namely (^) and (g 7 ) (see § 4 of [1] ). So we may take n/m to be the least positive number for which (1.4) has a solution with w 0 , w lf g e Z and some root of unity ζeQ(θ 1 ). It follows that 0< n ^ m and that ^ divides m. The latter is clear since if we put t -1 ^ m/w < £, then m = tn -s, 0 ^ s < n and on substituting in (1.4) with both sides raised to the power t we obtain ((w 1 -w 0 θ 2 y) 2 = 0tζί02^02. β Hence if (1.4) has a solution so does this equation, but s/m < w/ra so that s -0. If we put kn -m, k e Z, then 1/k is the least positive number for which there exists a solution w Q , w t1 g, ζ to (1.4); if another solution exists for some m = m' and n = n r , then n'jm' = ί/A; for some teZ, 0 < t ^ k. 
), say (2^T = (if). Then clearly i?(/) = ζ(W~)y = Z 2k , a cyclic group of order 2k. If k is even and
(:l^Y = (SO has a solution in G(f) (see § 4 of [1]), then necessarily (W~) k = (W~&) h = C<f) and again H(f) = <(^')> = Z 2fe . On the other hand, if (j^) 2 = (g 7 ) has no solution in G(/), then (^ ) & = (^ίf) k = {^) and it follows that H(f) = <(5^")> x <(έΓ)> ~ Z k x Z 2 (direct product). If /(&)
) Φ Q). Then the subgroup H(f) of elements of finite order in G(f) is isomorphic to Z 2k when k is odd or when k is even and (J2^) 2 = (&) has a solution in G(f) and is isomorphic to Z k x Z 2 when k is even and (Jέf") 2 = (if) has no solution in G(f).
The condition of the theorem implies that Q is a unit times a k-ih power in Z. By Theorem 4.5 of [1] , (X) 2 = (E) has a solution in G(f) when and only when -(P 2 -4Q) or -Q(P 2 -4Q) is a square in Z. Since Q(θ ί ) Φ Q(ϊ) this can only happen when Q is the negative of a square and P 2 -4Q is a square, i.e., f(x) is reducible over Q. are all distinct and (5O 4 = (^). Furthermore (3O 2 is derived from a solution of (^ -ί o # 2 ) 2 = g e Z and so must be (if). It follows that if we obtain all the solutions of the equation (1.5.t) with ζ = 1 we get all elements of H(f) combining these with the powers of (3θ Let {W) and ( c W$ί) be solutions of (1.5.1) with ζ = 1; then all solutions of (1. 
) has four solutions in G(f).
Again the condition of the theorem implies that Q is a unit times a k-th power in Z. Since P 2 -4Q is the negative of a square, the invariant Δ(^) = -(P 2 -4Q) is a square and so {<%?) 2 = (if) has four solutions in G(/) only when Q is also a square in Z and then G(f) has three elements of order two (see [1] , 4.6). 2* Prime divisors of elements of finite order* At present the only known way to determine if a prime p, (p, Q) = 1, divides a general linear recurrence Ύ/^ is to examine any p + 1 consecutive terms of Ύ/ λ~\ p is a divisor of Ύ/^ if and only if it divides one of these terms. Such a characterization we shall call local. On the other hand every prime divides (^f) and a prime divides the element (g 7 ) of order two in G(f) if and only if its rank of apparition in î s even. M. Ward in [3] termed this a global characterization of the prime divisors of («J^) and (g 7 ) and raised the question whether these are the only two recurrences (for a given companion polynomial f(x), or in our terminology, in G{f)) for which the prime divisors can be so characterized. Here we show that there are other elements of finite order besides {^) and (g 7 ) where prime divisors can be globally characterized. Although we have not made an exhaustive study we suspect that there are other elements of finite order whose prime divisors are globally characterized. But it is not clear that every element of finite order has this property, for example, we know that an odd prime of odd rank of apparition in <J^ is a divisor of one and only one of the two linear recurrences (jy), (^) of order two in G(f) (when they exist) but we cannot at present say which recurrence of the two such a prime divides. Nevertheless, we are tempted to conjecture that if an element of G(f) has its prime divisors globally characterized, then it is of finite order.
We consider the example of an element of order four considered previously; here H(f) = {(T), (Tf = (gf) , {Tf = (T&), (T) A = where T = [5, -19] and T c g = [1, -35] . Since both (T) and generate H(f) they have precisely the same prime divisors; by Theorem 4.3 of [1] there is a labelling of the terms of 5^ and c y^' = 5^gf, say v n and w n , such that v n w n = de 2n+k for all neZ, some de Z and k = 0 or 1. Comparing the first two products we see that ) have been characterized globally. Now consider the group (?(/), where /(a;) = α; 2 -5α; + 7. The group has two elements (T) = ( [1, 3] ) and (FT) = (F 2 ) = ( [1, 2] ) of order three. Since these two elements generate the same subgroup of G(f) they have the same prime divisors. If we put v 0 = 1, v ι = 3, w 0 = 1, ^i = 2, ΐ 0 = 0, ii = 1, then we deduce that Sv n w n i n = i 3n for all n and consequently it follows that the prime divisors of (Y*) are precisely those of rank 3n, n = 1, 2,
. Again the prime divisors of ijΓ) and (Ύ) 2 have been characterized globally. Both these examples admit of some generalization.
3* Elements which are locally finite everywhere* To say that an element ("W) of G(f) is locally finite everywhere means that is of finite order modulo G(f,p) for all primes p, i.e., eH (f,p) for all p (see after Corollary 3.4.1 of [1] ). Now H(f, p) 2 K(f, p) with equality for all p, which are coprime to Q(P 2 -AQ). Here we discuss only the case when Q = ±1. Then when (^^) fc e K(f) for some UΓGZ and so we may conclude by means of Theorem 3.7 of [1] that the elements which are locally finite everywhere are precisely the elements of finite order in G(f).
REMARKS, (a) The sequence & given above is a sequence of alternate terms of the Fibonacci sequence, the sequence J^ is similarly related apart from signs, and the two exceptional groups G(x 2 -Sx + 1) and G(x 2 + Sx + 1) are isomorphic. (b) If Q is not a unit the situation is quite different. To begin with things are complicated by the fact that one cannot use reduced elements alone in discussing the subgroup K. The above result that an element which is locally finite everywhere is of finite order is not true in general.
(c) We can generalize a result of A. Schinzel given in [2] to show that if (5^") e G(f, p) for all primes p with at most a finite number of exceptions, then
